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Abstract 

The large time behavior of non-negative solutions to the viscous Hamilton-Jacobi 
equation dtu — Au + |Vit| 9 = in (0, oo) x M. N is investigated for the critical exponent 
q = (N + 2)/ (N + 1). Convergence towards a rescaled self-similar solution to the linear 
heat equation is shown, the rescaling factor being (lnt)~( N+1 \ The proof relies on the 
construction of a one-dimensional invariant manifold for a suitable truncation of the 
equation written in self-similar variables. 
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1 Introduction 



The dynamics of integrable non-negative solutions to the viscous Hamilton- Jacobi equation 

d t u- Au+ \Vu\ Q = 0, (i, x) G (0, oo) x R N , (1) 

depends strongly on the value of the parameter q G (0, oo) and results from the competition 
between the linear diffusion term Am and the nonlinear absorption term | Vu| 9 . An important 
issue is therefore to determine which mechanism (diffusion or absorption) is dominant for 
large times. A first indication is given by the behavior of the L 1 norm which is 

time-independent for non-negative solutions of the heat equation and strictly decreasing for 
nontrivial non- negative solutions of (0). For such solutions, it is proved in E] that 

N + 2 

>0 if q>q* :=— — , 
I„ := Fm\\v{t)\\» { 7V + 1 (2) 

= if q G (0, gj . 



t— >oo 



This suggests that diffusion dominates the large time behavior when q > q+, whereas ab- 
sorption becomes effective for q < q±. As a matter of fact, if q > q* it is shown in [3J EH 
that the nonlinear term iVul 9 becomes negligible for large times, and that the solution of 
behaves as t — > oo like the self-similar solution 1^ g of the linear heat equation, where 

I f x \ 1 / |£| 2 \ 

9(^ x ) = jN^ G {t^j and G (0 = j^m exp \~~ ) ■ (3) 

On the other hand, if q G (1, q+), both diffusion and absorption play a role in the large time 
asymptotics. Indeed, if u(0,x) decays faster than |x|~ a as \x\ —>■ oo with a = (2 — q)/(q — l) > 
N, it is proved in |2j that the solution u(t) converges as t — > oo to the so-called very singular 
solution, a self-similar solution of (0) whose existence and uniqueness have been established 
in jH 122]- In that case, the L 1 -norm of u(t) decays to zero like t~( a ~ N ^ 2 as t — > oo. 
Finally, the influence of the absorption term \ Vu\ g is much stronger for q G (0, 1]: depending 
on the initial data, one might have exponential decay of the solution as t — > oo [U El Ell HE] , 
or even extinction in finite time if q G (0, 1) |H1 E3- For such values of the parameter, it 
is the diffusion term which is expected to be negligible for large times. 

To summarize, precise asymptotic expansions show that the large time behavior of non- 
negative solutions to ((TJ) with sufficiently localized initial data is determined by the sole 
diffusion if q > q+, whereas absorption plays an important role if q < q*. With this per- 
spective in mind, it is interesting to investigate the critical case q = q* = (N + 2)/(N + 1) 
where a transition between both regimes is expected to occur. Very few results are available 
in this situation: we only know that — > as t — > oo, as already stated in (J2J), and 
that cannot decay faster than (lnt)~( Ar+1 - ) for large times j7| Proposition 3]. The 

purpose of this work is to fill this gap and to give an accurate description of the large time 
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behavior of the non-negative solutions to 



d t u - Au + \Vu\ q * = 0, (t, x) G (0, oo) x M. N , (4) 
u(0) = u , x G R N , (5) 

when the initial data uq(x) decay to zero sufficiently rapidly as |x| — > oo. More precisely, we 
assume that uq > belongs to the weighted L 2 space 



{u G L 2 (R") I \u\ m := IKl+lxl 2 " 1 ) 1 ^!!^ < oo} , (6) 



for some m > N/2. Then (by Holder's inequality) u G L 1 ^) H L 2 (R N ) and it fol- 
lows from O HI] that the Cauchy problem (jlj, (jSJ) has a unique global solution u G 
C([0, oo); L 1 (M JV )) DC((0, oo); If 1 ' 00 ^)). Our main result describes the large time behavior 
of this solution: 

Theorem 1 Assume that the initial condition uq is non-negative, not identically zero, and 
belongs to L 2 n (R ) for some m > N/2. Then the (unique) solution u to M), (0) satisfies, for 
all p G [1, oo], 

, , M* 



lim t^ (1 -F) (lnt) w+1 



(lnt) J 



0, (7) 



LP 



where M* = (N + 1) N+1 \\VG\\J£ + } and g(t,x), G(£) are defined in f$. 

In other words, if the initial condition decays sufficiently rapidly at infinity, the solution 
m to Q behaves asymptotically like a particular self-similar solution M* g of the linear heat 
equation, with an extra logarithmic factor due to the effect of the absorption term. Such a 
logarithmic correction also appears in other parabolic equations with absorption and critical 
exponent, for instance in the nonlinear diffusion equation dtu — Au m + u m+( - 2 ^ N ^ = with 
m > 1, see e.g. ^3^11^] and the references therein. 

Remark 2 As \\g(t)\\ii = 1 for all t > 0, the L x -norm of the solution u(t) behaves exactly 
like M^lnt) - ^" 1 " 1 ) for large times under the assumptions of Theorem^ This has to be 
compared with Q Proposition 3], where it is shown that there is no nontrivial non-negative 
solution of O) such that \\u{t)\\ L i < C(lnt)~ 7 for 7 > N + 1. In fact, using Theorem^ and 
a comparison argument, it is straightforward to verify that, for all nontrivial non-negative 
integrable data, the solution of Q) satisfies 

liminf {hxt) N+1 \\u{t)\\ L i > M*. 

t— »oo 

Our analysis of the large time behavior of solutions to (Jl]). (|5J) relies on an alternative 
formulation of (@J) in terms of the so-called "scaling variables" or "similarity variables" 

£ = (1+ X t) i/2 and T = Ml + t). (8) 
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Introducing the new unknown function v defined by 

U ^ X ) = (1 + \)N/2 V ( ln (!+*)« (1 + tW 2 ) ' (t ' X) e [0 ' °° ) X ^ ' (9) 

we deduce from (jlj), (jHJ) that t> (r, £) solves the initial- value problem 

d T v = Cv - \Vv\ q * , (r, G (0, oo) x R N , (10) 
«(0) = M , ^gR^, (ll) 

where the linear operator £ is given by 

Cv(0 = A«(0 + ie-Vt7(0 + Y«(0, eeR^. (12) 

Observe that equation (fTUj) is still autonomous, although it was obtained from (jlj) through 
the time-dependent transformation This crucial property follows from the fact that 
(J3J is invariant under the rescaling u(t,x) i— ► X N u(X 2 t, Xx), because = (AT + 2)/(N + 1). 
Remark also that £G = 0, where G is defined in (J3J). 

At this stage, we follow the approach of ^7J and prove that the large time behavior 
of the solutions of (flUjl. (fTTj) is governed, up to exponentially decaying terms, by an ordinary 
differential equation which results from restricting the dynamics of (fTUj) to a one-dimensional 
invariant manifold. This manifold is tangent at the origin to the kernel RG of jC, and solutions 
to (jlUJl which lie on this manifold satisfy u(r, £) ~ M(t) G(£) for large times. Inserting 
this ansatz into (jl(Jj) and integrating over R^ we obtain the ordinary differential equation 
dM/dr+ \\VG\\%,M q * = for M(r), from which we deduce that M(r) « il^r"^ 1 ) 
for large times. Returning to the original variables (t,x), we then conclude that u(t) « 
A^(ln t) — < ^ JV+1 ' 1 (yr(t) as t — > oo, and Theorem ^ follows. 

To construct the center manifold, it is necessary to assume that the solutions we consider 
decay a little bit faster as \x\ — > oo than what is needed to be integrable. Indeed, using 
the results of [TTl Appendix A], it is easy to see that the spectrum of the linear operator £ 
in L 1 (R Ar ) is just the left half-plane {z G C 1 < 0} (no spectral gap). In contrast, the 
spectrum of the same operator in L^ l (R Ar ) = L 2 (R Ar ; (1 + |£| 2m ) d£) is given by 

a(C;Ll(R N )) = [z G C | U(z) < j - |} |J {-£ | ke n} , 

see [d Theorem A.l]. Thus, if m > N/2, the operator C has a simple isolated eigenvalue 
at the origin and the rest of the spectrum is strictly contained in the interior of the left half- 
plane, a spectral configuration which allows to construct the center manifold. This explains 
the choice of the weighted Lebesgue space L 2 ri (R Ar ) in Theorem^ In fact, since the nonlin- 
earity in (@J involves the gradient of the solution it, we shall rather use the corresponding 
Sobolev space H^ n (M. N ) (defined in (jTflj) below) in the proof. 

The rest of this paper is organized as follows. In the next section, we recall existence and 
uniqueness results for ffTUj) . (fTTj) and establish the convergence to zero of the solution v(r) 
in if^R^) as r — > oo. In Section we study a suitable truncated version of ([TUjl. (fTTj) to 
which we can apply an abstract result of ^3] to construct the invariant manifold. The proof 
of Theorem Q is then performed in the final section. 
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2 Global existence and convergence to zero 

In this section we briefly discuss the Cauchy problem for the rescaled equation (|TU|) and we 
show that the solutions converge to zero as r — > oo. We first consider initial data in the 
Lebesgue space L\R N ) n L 2 (R N ). 

Proposition 3 Let uo be a non- negative function in L\R N ) n L 2 (R N ). Then / f77|) 
have a unique non-negative (mild) solution 

v G C([0, oo); L\R N ) n L 2 (R N )) n L-((0, oo); ^(R*)) , 

which moreover satisfies 

lim {||«(r)|Ui + ||v(r)|Ucc + ||V«(r)|Ucc} = 0. (13) 

Proof: For such initial data «o, the results of [31121112] imply that the original system (jlj), 
(0) has a unique (mild) solution 

u G C([0, oo); L 1 ^) n L 2 (R N )) n C((0, oo); W 1,0 °(R JV ')) . 

For all t > 0, the function u(t,x) is C 1 with respect to t, C 2 with respect to x, and (jlj) is 
satisfied in the classical sense. In addition, the following bounds hold for all t > 0: 

||u(t)IUi+* JV/2 ||u(*)lk<»+t (JV+1)/2 ||Vtz(t)|| L oc < C||u(t/2)|Ui < CIMUi. (14) 

Since — > as £ — > oo by [13 HI], we deduce from (fUj) that 

lim {||u(t) lUi+t^ 2 N*)||l~ + t (JV+1)/2 || Vu(t)\\ Leo } = 0. (15) 

The conclusions of Proposition El are straightforward consequences of these results, since (II Oj) 
is obtained from (JU) via the simple transformation Q. In particular, ||i>(t)||i,i = ||w(t)||x,i, 
||w(t)IU« = (1+*) JV/2 ||^(*)|U-, ||Vu(r)|| L oo = (l+t) (JV+1)/2 ||Vu(t)|| L », hence (H3J) follows 
immediately from (|15|) . □ 

We next study the properties of solutions to (jTUjl . (fTTj) in the weighted Lebesgue space 
L^R-^) defined in ©, and in the corresponding Sobolev space 



i rn>N\ 



{^ G F 1 ^) | \\v\\ m := + |VC) 1/2 < oo} , (16) 



where ^ 

(l + |e| 2m ) |u(£)| 2 d£' " 
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Proposition 4 Let uq be a non-negative function in L^ n (W N ) for some m > N/2. Then the 
solution v to nU\) . i fTI)) given by Proposition^ satisfies 

v e C([0, oo); L 2 m (R N )) n C((0, oo); H^(R N )) , 

and 

lim ||«(r)|| m = 0. (17) 

Proof: The fact that v E C([0,T); L 2 m (R N )) n C((0, T); ^(R^)) for some T > can be 
established by a classical fixed point argument, which will be implemented in Section El for a 
truncated version of QlOj) . Here we just obtain differential inequalities for the norms |u(r)| m 
and |Vu(r)| m which imply (in view of the local existence theory) that T > can be chosen 
arbitrarily large and that (|17|) holds. 

We first multiply (|10|) by v and integrate over M . Using the non-negativity of v and 
integrating by parts, we find 

14- f = [ vd T vd£ < [ v£vd£ = - f \X7v\ 2 d£ + ^- [ v 2 d£. (18) 

2 UT JmN JvN I TUN ./»JV 4 JwN 



Similarly, multiplying f|T0|> by |£| 2m f, we obtain 

/ \i\ 2m v 2 di<f \^ v U v+ l ^Vv + ^-v)di (19) 

J R N J R N \ 2 2 / 



\Z\ 2m \Vv\ 2 d£ - 2m / |£| 2m "V- V^d^ - ^— - / |£| 2 "Vd£. 



1 d 

2 oh 



The only difficulty is to bound the integral involving £ • Vt> . If m > 1, we have by Young's 
inequality 

2m|£| 2m -\;|Vt;| < ^|£| 2m | Vv| 2 + 2m 2 |e| 2m "V , and |£| 2m ~ 2 < £|£| 2m + C(e) , 
where £ > is arbitrary. Ifl/2<m<l (which is possible only if N — 1) we find similarly 

2m\i\ 2m - l v\Vv\ < ^\Vv\ 2 + 2m 2 |e| 4m "V , and |£| 4m ' 2 < e\£\ 2m + C(e) . 
In both cases, summing up (JTHJl and (|I5jl. we obtain the inequality 

^ + iV^r)! 2 . + ^-^-^ \ v{r) \l < (m + 4m 2 ^))||,(r)||i 2 . (20) 

We now choose £ > sufficiently small so that 2m — N — 8m 2 e > 0. Since \\v (t)|| L 2 — > by 
((131), the differential inequality $2Xj§ implies that \v (r)\ m — > as r — > oo. 
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We next control the evolution of Vi>. Multiplying (fTUj) by — Av and integrating by parts, 
we obtain 

1 d f ,„ |2jtf _ f |A |2 . N+2 



2 dr 
Similarly, 



V<df = - / \Av\ 2 d£+—— \Vv\ 2 d£ + Av\Vv\ q *d£. (21) 



1 d f i^|2m IV7..I2 j/- /" lr-|2m I a „.|2 if , N+2 2m i ( ,2„, t— . . I - 



o-r/ ieriv^de = -/ ieriA^de+^ — / leriv^d^ 

-2m / |f| 2m ~ 2 A?;f- Vvd£+ / (|f| 2m Ai; + 2m|f| 2m - 2 f • V^W^df . (22) 
Using the crude estimate |^| 2m_1 < 1 + |£| 2m , we find 

2m I \^\ 2m - 1 \Av\ \Vv\ df < - \Av\ 2 m + C\Vv\ 
Jrn 4 



12 

\m ' 



Moreover, as ||Vf is uniformly bounded for all r > 1 by (J13j) . we have for such times 

'l+\£\ 2 ™)\Av\ \Vv\ q *d£ < ^\Av\ 2 m + C\Vv ]2 



2m / |f | 



|Av| 


|Vv|" 


|Vv| 


|Vv|" 



m ' 



2m-l|v7„.l IV7„.I<7* A£ < C\Vv\ 2 m . 



Thus adding up (|2*Tj) and (J2*2~j) . we obtain 
d 



dr 



Vv(T)\ 2 m +\Av(r)\ 2 m +\Vv(r)\ 2 m < K\Vv(T)\ 2 m} r > 1 , (23) 



for some K > 0. Now, if we combine (ffiH) and (j2S| , we see that h{r) := K\v{r)\ 2 n + |Vi> (t)]^ 
satisfies a differential inequality of the form 

h'(r)+£ Q h(r) < C\\v(r)\\ 2 L2 , r > 1 , 

for some positive constants Eq and C. Thus h(r) — > as r — > oo, and (JT7j) follows. This 
concludes the proof of Proposition HJ □ 

3 Construction of the center manifold 

In this section, we proceed along the lines of [T71 Section 3] to describe the large time 
behavior of the non- negative solutions to (JTUJ), (fTTJl in the space L 2 n (M Ar ). By Proposition 0] 
these solutions converge to zero in if^IR^) as r — > oo, hence the large time asymptotics 
remain unchanged if we truncate the nonlinearity in (|10p outside a neighborhood of the 
origin. This modification will allow us to apply the center manifold theorem as stated in 

EH- 
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Throughout this section, we fix a function \ £ C°°([0, oo)) such that < \ < 1, x{ r ) = 
if r > 4 and x( r ) = 1 if r < 1. For g > and r > 0, we denote Xe( r ) = x( r /f? 2 )- Given 
£> G (0, 1) and m > N/2, we consider the initial- value problem 

d T v = Cv - F e (v) , (r, G (0, oo)xK w , (24) 
v(0) = WoG^), eel W , (25) 

where £ is the linear operator ()12|) and is the truncated nonlinearity 

F e {v) = Xs (MQ |V«|* , « e ^(^) • (26) 

We first establish the well-posedness of (j24j). (|25|) and show that this system generates a 
C 1 -smooth semiflow in H^iR ). 

Proposition 5 Fza; g G (0,1) and m > N/2. For each v G H^(R ), the initial-value 
problem $2$) , has a unique global solution v G C([0, oo); H^M 1 *)). Moreover, the map 
ip T : H^iM. 1 *) — > H^R 1 ^) defined for t > by ip T {vo) = v(t) is globally Lipschitz continuous, 
uniformly in r on compact intervals. Finally ip T is C 1 -smooth for all r > 0, so that the family 
(<yj T ) T >o defines a C 1 semiflow in H^R 1 *). 

Before proving Proposition we recall that the linear operator £ defined by (I12J) is the 
generator of a strongly continuous semigroup (e T£ ) T>0 in L^R 1 ^), see e.g. [El Appendix A]. 
If m > N/2, this semigroup is uniformly bounded, i.e. there exists C% > such that, for all 

weLl(R N ), 

\e rC w\ m < dWm, r>0. (27) 

More generally, let 6(f) = (1 + |£| 2 ) 1/2 and assume that b m w G L P (R N ) for some p G [1,2]. 
Then e rC w G L^ n (R N ) for all r > 0, and there exists C2 > such that 

a(r) 2[ p 2> 

where a(r) = 1 — e~ r , see [T71 Proposition A. 5] and fTJ Proposition A. 2]. Similar estimates 
hold for the spatial derivatives of e rC w. For instance, as Ve T£ = e T//2 e T£ V, it follows from 
dZZJ) that \We rC w\ m < G x e r/2 |Vw| m for all w G In addition, if b m w G L P (R N ) for 

some p G [1, 2], we have the analog of 



\Ve TC w\ m < °* W n w\\ LP , r>0. (29) 

a(r) 2( p 2> 2 



In the rest of this section, we fix p G (1, 2) such that 



iV + 3 <P< iV + 2 • W 
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Given T > and w G C([0,T]; H^(R N )), we define 

(A/»(r) = [ T e^ c F g (w(s))ds, TE[0,T}. (31) 
Jo 

Then A/> belongs to C([0,T]; H^(R N )) and enjoys the following property: 

Lemma 6 There exists a constant C4 > suc/i i/iai, /or a// T > 0, all g & (0, 1), and a// 
u>i,i02 G C([0, T]; i/^ l (R JV )), i/ie following inequality holds: 

\\{N e W X -N Q W 2 ){T)\\ m < CtZ^Ql*- 1 SUp 11(10! -W 2 )(S)|U, T€[0,31, 

*6[0,t] 

w = l ^Rr( 1 + ^) ds - 

Proof: We first observe that our choice of p in (130)1 guarantees that y(- — |) < |, so that 
Z p (r) is well-defined and finite for every r > 0. The following inequality will also be useful: 
if f,g G L 2 m (R N ), then b m \f\^- l g G L P (R N ) and 

lin/r-^L < au/ir^L- (32) 

Indeed, by Holder's inequality, 

IKlfl^gh? < II^IUHI/lir 1 , where r = fa - 1) . 

But ||6 m o|| L2 < C|<?| m , and 1< r < 2 by (HI, hence ||/|| L r < C(||/|| L i + ||/|| L2 ) < C\f\ m 
because L^R^) L 1 (R N ) n L 2 (R N ) for m > N/2. This proves (|3^1 . 

Now, let T > 0, g G (0, 1), and w u w 2 G C([0, T]; ff^R^)). For all r G [0, T] we have by 

dSH, (Hi 

|(A/>i - A/> 2 ) (r)| m < / T | e ^(F,( Wl ( s ))-F,( W2 ( s )))| m d S 

./o 

< f %7^T ||o m (F,( Wl ( S ))-F,( W2 ( S )))|| LP d S .(33) 

Jo a(r-s) 2{ p 2> 

For a fixed s G [0,r], we can assume for instance that ||ifi(s)|| m > ||iW2(s)|| m . Then 
\K (F e ( Wl (s)) - F e (w 2 (s)))\\ LP < |x,(IK(«)liy-X,(IK( S )|iy| \\b m \Vw 2 (s)\ 



1* II 

\\LP 



+ x e (IM«)p ll^dvt^wr-ivt^wi 



Obviously, the right-hand side vanishes if ||u>2(s)|| m > 2o, hence we can suppose that 
||w2(s) || m < 2g. To bound the first term, we apply (|S2*|) with f — g — |Vu> 2 | and obtain 
||6 m |Vw 2 (s)M|lp < C 5 |Vw 2 (s)|^ < C^. Moreover, if |K(s)|| m < 4g, we have 

|x,(IK(«)p-x,(IK( s )p| < §(K( S )ll^-IK( s )p < ^IK-^^IU, 



and the same estimate holds if ||wi(s)|| m > 4g because ||(u>i — W2)(s)||m > in that case. 
Thus 

|x e (IK(«)lp-X e (IK(«)IP| \\b m \Vw 2 {s)\«*\\ LP < C g^ 1 \\( Wl - w 2 )(s)\\ rn . 

On the other hand, using and the inequality | \y\ q * — \z\ q * \ < q*(\y\ g *~ 1 + | ^ | <3 '* 1 ) 1 2/ — z \i 
we obtain 

X e {\\wx{s)f m ) \\b m {\V Wl {s)\ q * -\^MsT)\\ L , 

< C Xe (\\Ms)\\l) (iV^^ir' + lV^^ir 1 ) |VK-^ 2 )( S )L 

< Cx ff (IK(«)|ia IKOOIIST 1 IIK-^)(5)L 

< C^- 1 ||( Wl -«; 2 )(s)|| m . 

Therefore ||6 m (F e (wi(s)) — ^(^(s))) < C f? 9 *^ 1 1| (wi — w 2 )(s)\\ m , and inserting this bound 
into (jUnj) we conclude that 

|(A/>i -Af B w 2 )(r)\ m < Cg^ 1 f - t^)(a)|| m ds . (34) 

./o a(r— s) 2 ( p 2 ' 

Finally, using (J29|) and proceeding in the same way, we also obtain 

\V{N e w x -U e w 2 ){r)\ m < [ T % ||fe m (F g ( Wl ( g ))-F e ( W2 ( g )))|| LP d g 

Jo a{T-s) 2( p 2> 2 

< Cg^f- I \\{ Wl -w 2 ){s)\\ m ds. (35) 

Jo a{T-s) 2( p 2> 2 

Lemma El is now a immediate consequence of (JSlj) and (|35p. □ 

Proof of Proposition Given v G ^(K w ), we choose Ji > 2C 1 ||v„|| m and T > 
sufficiently small so that 

C.HlUe^ 2 < and CV*~%CO < ^ , (36) 

where Ci is as in (|27jl and C 4 , Z p are defined in Lemma |H1 We introduce the set 
X K , T = { W GC([0,T];i?i(l w )) sup || W (r)|| m <ir), 

L re[0,T] J 

which is a complete metric space for the distance dx defined by 

d T (iyi,w 2 ) = sup ||(iwi - iy 2 )(r)|| m , (wi,w 2 )6Ik,txIk,t. 

re[0,T] 

Using ()27|) and Lemma H] it is straightforward to verify that, if w G Xk,t, then the function 
T a w : [0, T\ -» ^(M^) defined by 

(7»(r) = e T So - (A/»(r) , r G [0, T] , 
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belongs to Xk,t, and that the map w t— > T e w is a strict contraction in Xk,t- By the Banach 
fixed point theorem, T e has thus a unique fixed point v in Xr-,t- This proves that the Cauchy 
problem (|25jl is locally well-posed in H^ n (W N ). 

Let T*(w ) G (0,oo] be the maximal existence time for the solution of (J24j) . (J25|) in 
tf^R^). For all r < T*(> ), it follows from flZ3), (ED, and (jHHD (with = v and w 2 = 0) 
that 

IKr)|L < C.e^WvolU + C.Q^- 1 [ T ^Kt-i da. 

^0 a(r-s) 2 > 2j 2 

Using a version of Gronwall's lemma (see e.g. (201 Lemma 7.1.1]), we deduce that ||u(T)|| m 
cannot blow up in finite time, hence T*(fo) = 00. Thus has a unique global solution 
i> G C([0, 00); H^ n (M. N )) for all t> G H^ l (R jV ), and we may define a semiflow (<£v) T > by the 
relation (p T (vo) = v(r) for r > 0. 

By construction, the map Vq i— > <£v(t>o) is globally Lipschitz continuous, uniformly in time 
on compact intervals: for each T > 0, there exists L(T) > such that 

\\<Pt(v ) - ¥t (v )\\ m < L{T) \\v Q - v Q \\ m , (37) 

for all r G [0, T] and all (t> , Vo) G -f/^R^) x //^(R-^). Indeed, by the semigroup property, it 
is sufficient to prove (|37j) for a T > satisfying (J36j) . in which case (J37|) follows immediately 
from the fixed point argument above, with L(T) = 2Cie T//2 . This proof also shows that 
L{T) can be chosen independent of g if g G (0, 1). Finally, the fact that the map <p T is C 1 for 
each r > is obtained by classical arguments which we omit here. We only mention that, 
given vq G H^(R N ), t > 0, and h G H^(R N ), the differential Dip T (v )h of y? T at v applied 
to h is equal to V(r), where V denotes the solution of the linear non-autonomous equation 

d T V = CV-q,x e (\H 2 m) \Vv\i*- 2 Vv VV-2 X ' s (\\v\\ 2 m ) \ Vv\<** « v, V » m , 
V(0) = h. 

Here v(r) = (p T (v ) and <C ■ 3> m denotes the scalar product in if^R^). In particular, 
since ip T (0) = for all r > 0, this formula shows that D<p T (0) = e rC for each r > 0. □ 

Remark 7 It can actually be shown that the differential D(p T : if^R^) — > J£ ? (H} n (W N )) is 
Holder continuous with exponent q* — 1 for any r > 0. 

For later use, we also point out the following properties of the time-one map (fx: 

Corollary 8 The map K = <fi~e c belongs to C 1 (^(R 7V ); H^{R N )) and satisfies IZ{0) = 0, 
DTZ(0) = 0. Moreover TZ is globally Lipschitz continuous and there exists Cq > (indepen- 
dent of g) such that its Lipschitz constant satisfies Lip(TZ) < Cq g q *~ l . 

Proof: We know from Proposition that 1Z is indeed a C x -map from H^(R ) into itself, 
and it was observed at the end of the proof that y?i(0) = and D(pi(0) = e c , hence 7^.(0) = 
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and DTZ(0) = 0. Now, given Vo,Vo m ^m(^- N ) we define v(r) = <p T (vo) and v(r) = (p T (vo) 
for r > 0. Using Lemma El and estimate (}3*Tj) we find 

\\n(v )-n(v )\\ m = W e v)(i) - W)(i)\\ m < Ctep- 1 sap \\(v - a) (a)\\ n 

se[o,i] 

< C^L(l) e q *- 1 \\vq-vq\L , 

which is the desired bound. □ 

Having associated a C 1 -semiflow to the truncated system ([24)1 . we now turn to the con- 
struction of a center manifold for this semiflow at the origin. If m > N/2, we can decompose 
i?^(]R JV ) = E c ® E s , where E c = {aG \ a G M} is the kernel of the operator C and 

E s = {we H^(R N ) f w(0 d£ = o} . (38) 

We recall that G is the Gaussian function defined in (jSJ). Let Po be the continuous projection 
onto E c along E s , namely 



P w = ( f w(Z)dA G, weH, 



and let Q = 1— Po- It is easily verified that P and Q commute with C, so that the subspaces 
E c and E s are invariant under the action of C. Moreover, we know from ^3 Appendix A] 
that the spectrum of the restriction of C to the invariant subspace E s is strictly contained 
in the left-half plane in C, because the associated semigroup e rC decreases exponentially in 
E s . More precisely, if /i G (0, 1/2) satisfies 2/i < m — (N/2), there exists C 7 > such that 

\e TC Q a w\ m + a{rfl 2 \Ve rC Q w\ m < C 7 e-^ r \w\ m , (39) 

for all w G L^R^) and all r > 0, see [T71 Proposition A. 2]. 

We are now in a position to apply the invariant manifold theorem as stated in [T4"l 
Theorem 1.1]. The main result of this section reads: 

Theorem 9 Fix fi G (0, 1/2) such that 2/i < m — (N/2). If q > is sufficiently small, there 
exists a globally Lipschitz continuous map f G C X [E C ; E s ) with /(0) =0 and Df(0) = such 
that the submanifold W c = {aG + f(azG) \ a G R} C ii/^R^) enjoys the following properties: 

(a) (f T (W c ) = W c for every r > 0, 

(b) for every Vq G H^ n (M. N ) there exist a unique wo G W c and a positive constant Cs(vo) 
such that 

\\cp T (v )-cp T (w )\\<C 8 (v )e-^ for r>0. (40) 
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Proof: Theorem El readily follows from |14[ Theorem 1.1] once we have checked that the 
assumptions (H.1)-(H.4) of [Hj are fulfilled in our case. By Proposition (y? r ) T >o is a C 1 
semiflow in H^iM. 1 ^) and ip T is globally Lipschitz continuous, uniformly for r G [0, 1]. There- 
fore, (H.l)] is verified. Next, assumption [TH (H.2)] is nothing but the decomposition 
(fi = e c + TZ described in Corollary |HJ To check O (H.3)], we remark that P e c P = 1, 
hence 

(P e c P o y k P = ||P ||^e), for all k G N. 

On the other hand, if we choose /xo G (a*, 1/2) such that 2/i < m—(N/2), it follows from (jHSj) 
that ||e fc£ Qow||m < C e~ fcW) ||w|| m for all fceN. Since Qo and e £ commute, this inequality is 
equivalent to 

(Qo e C Qo) k Qo < C e- kf10 , for aU k G N . 

As < 1, we have thus checked that [H (H.3)] is fulfilled. Finally O (H.4)] is 

automatically satisfied if the Lipschitz constant of TZ is sufficiently small. By Corollary |SJ 
this is easily achieved by choosing g appropriately small. 

Therefore, by [HJ Theorem 1.1], there exist \i\ G (0,/io) and a globally Lipschitz contin- 
uous map / G C X {E C \ E s ) such that the submanifold 

W c = {aG + f{pcG) | a G R} C H^(R N ) 

enjoys the following properties: 

Invariance: ip T (W c ) = W c for all r > 0, and the restriction to W c of the semiflow (y? T ) r > 
can be extended to a Lipschitz continuous flow on W c . 

Invariant foliation: There is a continuous map h : H^(R N ) x E s -> £ c such that, for each 
f G W c , one has Qo 11 ) — -Po^ an d the manifold 

M v = {h(v, w) + w | w G E s } C H^(R N ) 

passing through t> satisfies ^ T (A / i, ; ) C M. lfiT ( v ) for r > and is characterized by 

M v = {we H l m {R N ) limsup- hx{\\<p T {w)-<p T {v)\\J < -fix] . 

Completeness: For every v G W c , M v HW C = {v}. In particular, M v C M. w = if 
(v,w) eW c xW c and v ^ w, and fl^(M w ) = U veWc M v . 

Moreover, we can assume that fi\ G (//, /io) if £> > is sufficiently small. 

We can now conclude the proof of Theorem^! Assertion (a) is nothing but the invariance 
property of W c . To prove (b), let v G H^ n (M. N ). By the completeness property of W c , there 
is a unique w G W c such that v G JA Wo . Since /i < /ii, we deduce from the invariant 
foliation property of W c that there is To > such that 

||y?rOo) - (p T (w )\\ m < e" MT , for all r > r . 
Using in addition (J37J), we obtain (|4U|). □ 
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4 Large time behavior 



This final section is entirely devoted to the proof of Theorem ^ Assume that uq is a 
non-negative function in L^(R ), m > N/2, such that HmoIIl 1 > 0. Let u{t,x) be the 
corresponding solution of (jU, (0) and i>(r, £) the corresponding solution of (JTUJ), (fTTjl. By 
the strong maximum principle [T§1 Corollary 4.2], we know that u(t,x) > for all t > 
and all x G R N . Choose jj G (0, 1/2) such that 2/i < m — (N/2) and g G (0, 1) sufficiently 
small so that Theorem El applies. 

By Proposition the solution v of (jl(J|) converges to zero in if^IR^) as r — ► oo, hence 
there exists r > such that ||u(r)|| m < g for all r > r . Setting v = v(r ) and v{r) = 
v(t+tq), we obtain a solution -O(r) of (fTU|) with initial condition t> G H^ n (M. N ) which satisfies 

||u(T)|| m < g for all r > 0. (41) 

Using the notations of Sectional it follows that v(r) = (p T (v ) for r > 0, because (|4*T|) implies 
that Xe (ll^( r )llm) = 1- Thus, in view of Theorem El there exist wo G W c and Cg > such 
that 

\\v(T)-<p T (w Q )\\ m <C 9 e-^, r>0. (42) 
To simplify the notations, we set w(r) = Lp T (wo) and 

M(r) = / w(r,0d£, r>0. 

We claim that 



M(r) > for all r > , and lim M(r) 



(43) 



Indeed, since H, 



i aoam 



1/raJV 



), it follows from (j32J) that 



/ 7)(r,0d^-M(r) 



< C7||t)(r)-w(r)|L < C 10 e-^ 



(44) 



for all r > 0. Assume by contradiction that there exists T\ > such that M(n) < 0. Since 
to is a solution of (j24j). (J2"5|) and > 0, it is clear that r i— > M(r) is non-increasing, hence 
M(t) < M{ji) < for t >t\. Using (jUJ) and recalling that £ is non-negative, we thus find 



v(r,0^ < M(r) + C 10 e-^ < C w e 



for t > T\. As a consequence, 

\\u(t)\\ L i = ||t)(ln(l+t) - r )|| L i < Cwe^ (1 + t)~» for t > e T1+T ° - 1 . 



By ()14j) . we also have ||z,o° < Ct M ^Z 2 -' for £ sufficiently large, a property which 
implies that u = by 3 Proposition 3] and O Corollary 4.2]. This contradicts the fact 
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that u(t, x) > for t > 0, hence we have proved the first assertion in ()43|) . As for the second 
claim, it is a straightforward consequence of (|T3"j) and ()44|) . 

Now, since ||"0(t)|| to — > as r — > oo, it follows from ()42|) that there exists r 2 > such 
that ||w(r)|| m < £ for all r > r%. On the other hand, as w(r) G Wc for each r > 0, we have 
w(r,0 = M(r) G(0 + /(M(r) G(0) for (r,0 G [0, oo) x R N , where / is as in Theorem M 
In view of (J2U) and (pjj) we deduce that, for r > r 2 , 



where 



/ |V W (r,0rde = -\\VG\\l^M(r)^-u(r), (45) 



w(t)= / (\Vw{T,t)\«-M{T)»\VG{Z)\*)d£. 



To bound u;(r), we remark that | ly + ^l 9 * — \y\ q * \ < q*{\y\ + \z\) q * 1 \z\ for all y, z G R. Also 
since 

1 g* - 1 iV , iV + 1 iV + 2 

2 + V + 2(FTT) =1 - and 2m *— = 2m — >iv + 2 ' 



it follows from Holder's inequality that, for all g,h G L'^ n (M. N ), 

II W^gWv < Hfe^ll^ll^lUHI^IUw)/^ < C\h\%r l \g\ m , 
where 6(f) = (1 + |£| 2 ) 1/2 - Thus 

|w(r)| < q* f (M(T)|VG(e)| + |V/(M(T)G(e))|)^ 1 |V/Wr)G(e))|de 

< C7 (M(r) ||G|U + \\f(M(r) G)IL) 9 * -1 ||/(Af (r) G)|| m 

< CM(rr- 1 ||/(M(r)G)|| m , 

where in the last inequality we have used the fact that /(0) = and / is globally Lipschitz 
continuous. Since / G C 1 (S c ;i? s ) with /(0) = and Df(0) = 0, the above inequality and 
pgj) imply that 

lim = . (46) 

Combining (|4*5j) . (|4l)|). and recalling that — 1 = l/(iV+l), we conclude that 



lim rM(r)^ 1 = ? -— - p , i.e. lim r" +1 M(r) = M* , (47) 

where M* is as in Theorem [T] As w(r, £) = M(r) + /(M(r) £?(£)), we deduce from 
(|43|). ()47|) and the properties of / that r jV+1 ||iu(t) — M(r) G\\ m — > as r — > oo. Combining 
this result with (|42|) . ()47|) . we arrive at 



lim t 

r— >oo 



iV+1 
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= 0. (48) 

L 1 



Of course, the same result holds for v(r) = v{t—Tq). If we now return to the original function 
u(t, x) via the transformation Q, we obtain exactly (JJJ) for p = 1. The case p G (1, oo] then 
follows from (fPfj) by a classical interpolation argument. □ 
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